Define augmented likelihood
ZZRU po (i, y; —J)
R;;
i=1 j=1

with responsibility matrix R € R, := {R € [0,1]"* : R1, = 1,,} .
Alternate two steps:

» E-step: set (Ry)qj := po, . (yi = jlxi).
> M-step: set §; = arg maxgce £(0; R;).

Soon: we'll see this gives nondecreasing likelihood!
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Initialization: a standard choice is m; = 1/k, ; = I, and (u;)¥_, given
by k-means.

» E-step: Set R;; = po(y; = j|;), meaning

po(ys = J, i) _ ijn,-,Ej(wi)
po (i) S TP, (25)

Rij =po(yi = jlx;) =

» M-step: solve arg maxgcg £(0; R), meaning

S Rij Y Ry

= n k
i1 21— Ra "
. 2%1 Rijw; 3o, Ry
! 2 i1 Rij nmj
3= Z?:l Rij(zi — Hj)(f’?i - ll'j)T‘
1’L7Tj

(These are as before.)
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(Initialized with k-means, thus not so dramatic.)
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Theorem.
Suppose (R, 80) € Ry 1 X © arbitrary,
thereafter (Ry, 0;) given by E-M:

(Rt)ij :=po, ,(y = jlxi). and 0, = argncz)ax/:(O; Ry)
€

Then
L6, R,) < R L0y R)=L(0;Riy1) = L(0y)

< L(Ot41; Re1)-

In particular, £(0;) < L(0+11).
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Theorem.
Suppose (R, 80) € Ry 1 X © arbitrary,
thereafter (Ry, 0;) given by E-M:

(Rt)ij :=po, ,(y = jlxi). and 0, = argncz)ax/:(O; Ry)
€

Then
L(0:; Ry) < R L(0:; R) = L(0:; Riy1) = L(0y)

< L(Ot41; Re1)-

In particular, £(0;) < L(0+11).

» We proved a similar guarantee for k-means, which is also an
alternating minimization scheme.

» Similarly, MLE for Gaussian mixtures is NP-hard; it is also known to

need exponentially many samples in &k to information-theoretically
recover the parameters.
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Proof. We've already shown:
> L(0:; Riv1) = L(6:);
» L£(0:;Riy1) = maxgeco L(0; Rit1) < L(O0141; Riy1) by definition
of 0t+1-
We still need to show: L£(6;; R (1) = maxger, , L(0141; R).
We'll give two proofs.
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Proof. We've already shown:
> L(6:; Rev1) = L(6:);

> L(0;; Riy1) = maxgee L(0; Ri11) < L(6441; Riy1) by definition
of 0t+1-

We still need to show: £(0;:; R;}1) = maxger, , £(0:41; R).
We’'ll give two proofs.

By concavity of In (“Jensen's inequality” in convexity lectures), for any
Rc Rn,k:

Ot, ZZRZJI Pot wz,yz —.7)

i=1 j=1
- - pe, (Ti,yi = j)
< Zln ZRU$
i=1 j=1 v
= Zlnpef, (z:) = L(0:) = L(Oy; Ry1).

Since R was arbitrary, maxger £(0:; R) = L(0¢; Ryy1).
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Proof (continued). Here's a second proof of that missing fact.
To evaluate argmaxpc , £(0; R), consider Lagrangian

n k k k
YD Rimpe(miy=j) =Y Rijln Ry + s (Z Rij — 1)
i=1 \j=1 j=1 j=1
Fixing ¢ and taking the gradient with respect to R;; for any j,
O=Inpe(x;,ys =Jj) —InRi; — 1+ X,
giving R;; = po(x;,y = j) exp(A\; — 1). Since moreover
1= Rij=exp(\i — 1)) po(wi,y = j) = exp(\; — 1)pa(:),
J J

it follows that exp(A\; — 1) = 1/pg(a:),
and the optimal R satisfies R;; = ro(®i.y=i)/pg(z:) = po(y = j|@;).
0
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Related issues.
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E-M for GMMs still works if we freeze or constrain some parameters.
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E-M for GMMs still works if we freeze or constrain some parameters.

Examples:
» No weights: initialize w = (1/k, ..., 1/k) and never update it.
» Diagonal covariance matrices: update everything as before,

except X; = diag((0,)3,.. ., (0;)2) where
(o_.)2 . Z?:l Rij(x; — Nj)?‘
g 'nﬂ'j ’

that is: we use coordinate-wise sample variances weighted by R.
Why is this a good idea?
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E-M for GMMs still works if we freeze or constrain some parameters.

Examples:
» No weights: initialize w = (1/k, ..., 1/k) and never update it.
» Diagonal covariance matrices: update everything as before,

except X; = diag((0,)3,.. ., (0;)2) where
(o_.)2 . 22;1 Rij(x; — Nj)l2_
g 'nﬂ'j ’

that is: we use coordinate-wise sample variances weighted by R.
Why is this a good idea?
Computation (of inverse), sample complexity, . ..
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E-M with GMMs suffers from singularities:
trivial situations where the likelihood goes to oo but the solution is bad.

» Suppose:
d=1 k=27 =1/,
n =3 with &1 = —1 and 5 = +1 and 3 = +3.
Initialize with 4y =0 and o1 =1,
but gy = +3 = x3 and o2 = 1/100.
Then o2 — 0 and L 1 oc.
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Same M-step: fix m = (1/k,...,1/k) and 3; = cI for a fixed ¢ > 0.
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Same M-step: fix m = (1/k,...,1/k) and 3; = cI for a fixed ¢ > 0.

Same E-step: define ¢;; := 3|l&; — p;||?; the E-step chooses

Rij = pe(yi = jlzi) = Dolts = 5oms) _ fe(yi — o
po(x;) S pe(yi =1, x;)
_ TjPu, 3, () _exp(—gij/c)
O T (@) Y exp(—qa /)
Fix i € {1,...,n} and suppose minimum g; := min; ¢;; is unique:
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Same M-step: fix m = (1/k,...,1/k) and 3; = cI for a fixed ¢ > 0.

Same E-step: define ¢;; := 3|l&; — p;||?; the E-step chooses

Rij = po(y: = jlas) = po(yi = Jj, i) _ fo(yi =Jj, i)
po(xi) dipe(yi =1,x;)
TP, x (@) exp(—gi/0)
S TP 2 (@) Y exp(—4a/c)
Fix i € {1,...,n} and suppose minimum g; := min; ¢;; is unique:
lm 7, = I exp(=gig/c) . exp(di — aij/c)

el0 S exp(—qa/c) <0 S exp(gi — gu/c)
_ )b a4 =g
0 qij #a-
That is, R becomes hard assignment A as ¢ | 0.
41/70



We can interpolate algorithmically,
meaning we can create algorithms that have elements of both.
Here's something like k-means but with weights and covariances.
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Summary of MLE part 2
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» Generative definition ( “sampling story”)
of Gaussian mixture models (GMMs).

» PDF of GMMs.

» E-M in general, and what it guarantees.
» E-M for GMMs.

» Diagonal covariance GMM E-M.
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MLE part 3
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Recall the generative story for GMMs:

Y ~ Discrete(my,...,m;) pick a Gaussian;
XY =j ~ N, %) pick a point.

Y is latent/hidden/unobserved, X is observed.
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Recall the generative story for GMMs:

Y ~ Discrete(my,...,m;) pick a Gaussian;
XY =j ~ N, %) pick a point.

Y is latent/hidden/unobserved, X is observed.

This model consists of random variables (X,Y)
with a specific conditional dependence structure.
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Graphical models

Recall the generative story for GMMs:

Y ~ Discrete(rny,...,7) pick a Gaussian;
XY =j ~ N, %) pick a point.

Y is latent/hidden/unobserved, X is observed.

This model consists of random variables (X,Y")
with a specific

A graphical model is a compact way of representing a family of r.v.'s,
most notably their conditional dependencies.
Typically, the graphical model gives us

> a way to write down the (joint) probability distribution,

» guidance on how to sample.
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Basic rules (there are many more):

» Nodes denote random variables. (Here we have (X,Y).)

» Edges denote conditional dependence. (Here X depends on Y'.)

» Shaded nodes (e.g., X)) are observed; unshaded (Y") are unobserved.
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Graphical model for GMMs

Basic rules (there are many more):

» Nodes denote random variables. (Here we have (X,Y).)
> Edges denote conditional dependence. (Here X depends on Y'.)
» Shaded nodes (e.g., X) are observed; unshaded (Y") are unobserved.

Likelihood of observations (X1, ..., X,) drawn from GMM:
p(X1,...,X,) = > p( X1, X0, Y1 =G0, Y = jn)

Jn€{1,....,k} 47/70



Recall the Naive Bayes model:

both inputs and outputs (X,Y") are observed (both are shaded!);
coordinates (X1,...,X,) are conditionally independent given Y
(as indicated by the arrows!).
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Why do people use graphical models?

» Easy to interpret how data inter-depends, flows.

» Easy to add nodes and edges based on observations and beliefs.

» MLE, E-M, and others provide a well-weathered toolbox to fit them
to data, sample, etc.

> Were very popular in the natural sciences (easy to encode domain
knowledge); not yet clear how deep networks are displacing them
(how to encode prior knowledge with deep networks?).
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A Generative Model for Generative Models

mix : mixture
red-dim : reduced
dimension

dyn : dynamics

Cooperative
ctor
Quantization nonlin : nonlinear

switch : switching

Mixture of
Factor Analyzers|

Gaussian

Linear
Dynamical
systems (SSMs)|

Nonlinear
Gaussian
Belief Nets

Nonlinear
Dynamical
Systems

(Figure by Zoubin Ghahramani.)
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Hidden Markov Models
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» As with GMM:

» Observed random variables (X1,...,Xy).

> Latent variables (Y1,...,Y,).

» Conditional independence of observations given latent variables:
e.g., p(Xi|X1, e ,Xi—I,XH—L e ,Xt,Yl, e Y}) = p(Xllx)
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» As with GMM:
» Observed random variables (X1,...,Xy).
> Latent variables (Y1,...,Y,).
» Conditional independence of observations given latent variables:
e.g., p(X»L'|X1, e ,Xi—I,XH—l, e ,Xt,Yl, e Y;g) = p(Xlllfz)
» Unlike GMMs: (Y7,...,Y;) have dependencies!
» Markov assumption: Y; 1 depends only on Y;.
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» As with GMM:

» Observed random variables (X1,...,Xy).

> Latent variables (Y1,...,Y,).

» Conditional independence of observations given latent variables:
e.g., p(X»L'|X1, e ,Xi—I,XH—L e ,Xt,Yl, e Y;g) = p(Xlll/z)

» Unlike GMMs: (Y7,...,Y;) have dependencies!
» Markov assumption: Y; 1 depends only on Y;.

» Graphical model:
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» Graphical model.

» Likelihood.
p(X1,..., X0, Y1,...,Y,)
ZP(Yl)p(Xl,- s X, Yo, .o, Yo V1)
=p(Y1)p(X1|Y1)p(Xa, ..., Xn, Yo, ..., Y, |V1)
= p(Y1)p(X1|Y1)p(Xo|Y2)p(Ya|Y1)p(X3, ..., Xn, Yo, .o, Vi |V, Y1)
= p(Y1)p(X1[Y1)p(Xo|Y2)p(Ya|Y1)p(Xs, . .., Xpn, Yo, .0 Vi [Y2)

p(Y1) ﬁp XilYa) ) (ﬁp(YilYi_l)) :

i=1 =2

53/70



Hidden Markov Models: parameters.

» Still have parameters for p(X;|Y; = j).
E.g., if this is Gaussian, have parameters (p;, ;).
» Still have parameters (71, ..., my) for Y.
» For (Ya,...,Y%) have transition probabilities p(Y; 1 = j'|Y; = 7).
These are assumed homogeneous/time-invariant: e.g.,
p(Yiy1 = j'IYi = j) = p(Yig2 = j'[Yit1 = j).
Write these as a matrix A € [0, 1]**%: p(Yi11 = 1|Y; = k) = Ajy.
» Depiction: like GMM, but have time series over hidden states!
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Hidden Markov Models: parameters.

» Still have parameters for p(X;|Y; = j).
E.g., if this is Gaussian, have parameters (u;, X;).
» Still have parameters (71, ..., my) for Y.
» For (Ya,...,Y%) have transition probabilities p(Y; 1 = j'|Y; = 7).
These are assumed homogeneous/time-invariant: e.g.,
p(Yiy1 = j'IYi = j) = p(Yig2 = j'[Yit1 = j).
Write these as a matrix A € [0, 1]**%: p(Yi11 = 1|Y; = k) = Ajy.
» Depiction: like GMM, but have time series over hidden states!
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Hidden Markov Models: parameters.

>

>
>

Still have parameters for p(X;|Y; = j).

E.g., if this is Gaussian, have parameters (u;, X;).

Still have parameters (m1,..., ) for Y7.

For (Ya,...,Y%) have transition probabilities p(Y; 1 = j'|Y; = 7).
These are assumed homogeneous/time-invariant: e.g.,

p(Yiy1 = j'IYi = j) = p(Yig2 = j'[Yit1 = j).

Write these as a matrix A € [0, 1]**%: p(Yi11 = 1|Y; = k) = Ajy.
Depiction: like GMM, but have time series over hidden states!
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» Speech modeling; e.g., phonemes (/A/, /a/, /b/, ...).

» Multivariate Gaussian is over amplitude or frequency window.
» Transition matrix A allows self-loops!
Very useful: imagine saying a word slowly.

» Sequence alignment in biology.

» See Murphy Chapter 17 for more applications.
(Many are being replaced with DNNs, RNNs, ... 1)

55 /70



56 /70



Another interpretation of E-M:
E-M maximizes the expected complete log-likelihood

Eg [lnpe(Xlw"7Xna}/a.7"'ayn)|$17"'ua:’n] ’

where “Ey" means the distribution uses the learned parameters 6,
and “|xy,...,2," means we condition on the observed data.
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More E-M: learning Hidden Markov Models.

Another interpretation of E-M:
E-M maximizes the expected complete log-likelihood

Eq I:lan(Xla" .,X»,“Y]_,...,Yn)ll‘l,...,x‘n} ’

where “Eg" means the distribution uses the learned parameters 0,
and “|z1,...,z," means we condition on the observed data.

For GMMs, this becomes

=Ey [zn:lnpg()ﬁ = $1,Y1)]
=1

n k
=> > po(Yi = j|X1 = 2)Inpe(X1 = x1,Y1 = j),

i=1 j=1
which matches what we optimized before; specifically,
mipo(X = z|Y = j)
Zle 7Tlp9(X = $|Y = l)
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Graphical model:
(==
ONONO

Expected complete log-likelihood:

Eo [lnpg(Xl, e X Y, Yz, ,a:n]
= Eo [In (po(11) (f[powm) (ﬁpemm_o))]

k n k
Z Mz1, ... zk) Inm; + ZZpg(Yi =jlzi, ..., zn) Inpe(X;|Yi)

i=1 j=1

k
+> Z (Yi=4,Yie1 = j'|o1, . n) Inpe (Vi = j[Yie1 = §')
i>2 5,5/ =1
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Expected complete log-likelihood for HMMs.

Expected complete log-likelihood:

Zp9()/1‘$17-~7xk)lnﬂ'j + ZZpg(Yi =jlz1,...,zn) Inpe(X;|Y: = j)

i=1 j=1

k
+3°3 po(Yi =4 Yier = §ler, o) Inpa (Y = j|Yi = ).

122 j5,5'=1

» M step for observable py(X;|Y;) similar to mixture case; replace old
> Aij with new > po(Yilz1, ... 2n).
> M step for m and A;;; = pg(Y; = j|Yi—1 = j') also easy.

> Real annoyance is computing the conditional probabilities (E step)!
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» Need to compute pg(Yi|x1,...,2x), po(Yi = jla1, ..., zpn),
po(Yi=j,Yic1 = j'|z1, ... 2n) Inpy(Y; = j|Yio1 = j').

» Boils down to a bunch of games with conditioning.
Kindof cool but | decided to skip.
See Murphy book (Chapter 17) for details.
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» Graphical models give a succinct way to specify conditional
dependencies of random variables.

» Expected complete log likelihood is another way to reason about
E-M.

» HMMs allow dependence amongst latent variables.
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Variational methods
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Recall the E-M updates:

» Update responsibilities R;; := pg(y; = j|x:);

» Update parameters 6 := argmaxy.g £(6; R).
Guarantee: £(0;) = L(04; Ri+1) < L(0141; Rit2) = L(0441).
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Recall the E-M updates:

» Update responsibilities R;; := pg(y; = j|x:);

» Update parameters 6 := argmaxy.g £(6; R).
Guarantee: £(0;) = L(04; Ri+1) < L(0141; Rit2) = L(0441).

What if we can’t efficiently compute pg(y; = j|z;)?
(Example: “Latent Dirichlet Allocation”, Blei-Jordan-Ng.)
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Why isn't E-M enough?

Recall the E-M updates:

» Update responsibilities R;; := pg(y; = j|x;);

» Update parameters 6 := arg maxgco £(0; R).
Guarantee: £(0t) = E(Gt, Rt+1) < £<6t+1; Rt+2) = £<6t+1).

What if we can’t efficiently compute pg(y; = j|z;)?
(Example: “Latent Dirichlet Allocation”, Blei-Jordan-Ng.)

A standard approach is variational approximation:

> Replace p(y|x) with some simpler ¢(y);
a common way is to cut edges in p's graphical model.

» ¢ is still chosen with a good deal of flexibility so that it
well-approximates p.
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Let's replace p(y|x) with a model family {g, : ¢ € ®}:

p(e) = [ aw)np(e)dy = [as(u)in (’M) dy

p(ylz)
_ o [ P Y)es(y)
o (2522
p

= [wwm ( ] ) dut faetwn (G2 ) o

:/%@m«ﬂﬁﬂ)@+KmmM@L

qs(y)

which is > 0 since KL divergence K > 0;
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Core of variational bayes method

Let's replace p(y|x) with a model family {g, : ¢ € ®}:

Inp(x) = /q¢(y) Inp(x)dy = /%(y) n (P(Z’?Z(Zi@) dy

dy + K(qg, p(ylx)),

which is > 0 since KL divergence K > 0; indeed,

K (go.p(ylz)) = ( p(yle) )dy

2—1n</ +(y) y("”)d> Inl=0.
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We've derived

> ol = Z(/ w1 (1"9("""))dyi+K(q¢<yi>,pe<yi|mi>)),

pt 46 (Y;)

where KL divergence > 0, and = 0 when ¢4(y;) = po(y;|x;).
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E-M from a variational perspective

We've derived

;Pe(wz Z /% (y;)1 (22%;3) dy; + K (q5(y;), pe(y;|zs)) |,

i=1

where KL divergence > 0, and = 0 when ¢4(y;) = po(y;|x:).

» Choose {gy : ¢ € ®} so that can pick g4 =~ po(y;|x:)
(can pick a g, for each pg(y;|z;) !).

» Simultaneously, finding this optimal ¢4 should be easier than
computing pg.

» The resulting algorithm can be very simple and clean;
see “Latent Dirichlet Allocation” (Blei-Jordan-Ng, 2003).
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We've derived

Zpe(ﬂcz => /% y;)1 <p0(mi))dyi+K(q¢(yi)vp0(yi|$i)) ;

pt 46 (Y;)

where KL divergence > 0, and = 0 when ¢4(y;) = po(y;|x;).

Further remarks:

» This is a major topic in graphical models (and statistics), but we
won't go deeper into it;
we will use a version of it to motivate VAEs, but that's it.

» One standard approach takes ¢, (y H 4. yJ)
(coordinate-weise factorization; called ‘mean-field”).
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Kernel Density Estimates (KDE / “Parzen windows”)
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Let's cover one more standard distribution modeling tool.
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Let's cover one more standard distribution modeling tool.

» Let random draw (x;)!"_; from some density be given.
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Let's cover one more standard distribution modeling tool.

» Let random draw (x;)!"_; from some density be given.

» Define p(x) := %Z?:l k (m_hml)

where k is a kernel function (not the SVM onel!),
h is the “bandwidth”; for example:
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Let's cover one more standard distribution modeling tool.

» Let random draw (x;)!"_; from some density be given.

» Define p(z) := 1 Yk (m_hml)

where  is a kernel function (not the SVM onel),
h is the “bandwidth”; for example:

» Gaussian: k(z) x exp (—||z||2/2);
» Epanechnikov: k(z) o max{0,1 — ||z|*}.
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—10 _

FIGURE 6.4. A kernel density estimator f,. At each point z, f,(z) is the average
of the kernels centered over the data points X;. The data points are indicated by

short vertical bars. The kernels are not drawn to scale.

5 0 5 10

(From Larry Wasserman'’s “All of nonparametric statistics”.)
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» KDE fits (basically) any density as n — oo
(and variance (“bandwidth”) on kernel is tuned).

» GMM fits any density as k — oo
(and variance is tuned).

» GMM can succinctly fit some densities
for which KDE needs many samples.

» KDE is computationally trivial,
GMM a mess.
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Summary of MLE part 3
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Main things to know:

» Graphical model concept.
» Variational Bayes concept.
» Kernel density estimates.

(I will not test you on HMMs, but many ML classes make a big deal out
of them.)
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